We investigate the generalized Hubbard model of (2n + 1) Fermion species interacting via a symmetric contact attraction potential. We prove that the ground state of such system is a gapless superfluid, where a full Fermi surface coexists with a superfluid. Moreover, doing so we prove the existence of a free mode in a strongly interacting system, regardless of the potential strength. This proof holds at the mean field level. A Grassmannian Gaussian integration technique is used to deal with the problem. Our predictions may be relevant to future high-spin cold atoms experiments.
cated to the SU (3) case [12] [13] [14] and the SU (4) case [15] . Recently, guided by the experimental development, the SU (6) case was also studied [16] .
A gapless superfluid, where a superfluid with gapped excitation spectrum coexists with a gapless branch of excitation, is a well known phenomena that naturally emerge in the case of particle symmetry breaking. For example, when there is a difference in the density or the mass of the interacting species, the result is a mismatch in their Fermi surfaces and therefore a gapless superfluid emerges [17] . Here, in contrast, we study a gapless superfluid in the symmetric case, where the SU (N ) symmetry is unbroken and completely holds.
In this letter we focus on S-wave pairing in systems with odd number of species N = 2n + 1. Starting with the N = 1 case, i.e. one particle species, we note that pairing is forbidden and only a gapless excitation can exist. For the N = 3 case, it was proven that a gapless excitation coexists with gapped superfluid excitation [13] . For the general case it was claimed but not proven, that for any odd N = 2n + 1 the ground state of an SU (N ) symmetric system is a gapless superfluid [14] . Here we prove this hypothesis to be true in general.
Let us consider a gas of N species of Fermions, interacting via a contact SU (N )-symmetric pairing potential. This system can be described by the generalized Hubbard Hamiltonian,
where c † α (c α ) is the creation (annihilation) operator for an α type Fermion, µ is the chemical potential, and g > 0 is the attractive contact pairing coefficient. Note that the contact interaction coupling constant g must be regularized. This is usually done through the relation m/4πa s = g −1 + k (2ǫ k ) −1 between g and the scattering length a s , which is the relevant physical parameter.
Using the Hubbard-Stratonovich transformation [18] to decouple the interaction in the Cooper channel, one gets the partition function,
where
The field operator Ψ = (ψ 1 ψ 2 ...ψ N ) is a vector of coherent states, and ∆ αβ = −∆ βα is the complex pairing field describing an S-wave Cooper pair consisting of Fermions of types α and β. The total magnitude of the pairing fields is given by |∆| 2 = α<β |∆ αβ | 2 , and G is the extended Nambu-Gor'kov propagator.
At this point let us assume that the pairing fields are fixed in time and space ∆ αβ (x, t) = ∆ αβ . This simplifying assumption allows us to write G −1 in a block diagonal form in the momentum-frequency (k, iω) space. Each of these blocks is a 2N × 2N matrix of the form
where 1 1 is the N × N identity matrix, ξ k = k 2 /2m − µ, and D is the pairing matrix D αβ = ∆ αβ . The corresponding 2N spinors are (Ψ (k, iω), Ψ(−k, −iω)), and the sum on ω is limited to positive Matsubara frequencies only.
Note that the vector (Ψ Ψ) is not a standard Nambu spinor. In order to consider all possible N (N − 1) pairing types the dimension of G −1 must be 2N × 2N , and therefore the spinors are 2N -vectors. This raises the problem of performing the integration over the N -vectors Ψ,Ψ, which in (3) seems not to be Gaussian anymore. However in the block diagonal form (4), the integration is still Gaussian, and hence can be done quite easily.
To show that, let us assume that u i v i is an eigenvector of G −1 with the corresponding eigenvalue iω − λ i . One can easily verify that there exists a twin
with the corresponding eigenvalue iω + λ i . Hence, the eigendecomposition of
, and Λ is a real diagonal matrix composed of the eigenvalues λ i . Using this transformation the integration over the Fermionic fields readŝ
where D(Ψ, Ψ) stands for integration over the fields Ψ(k, iω),Ψ(k, iω), Ψ(−k, −iω),Ψ(−k, −iω). Restoring the momenta and frequencies summation one finally gets i,iω,k (iω − λ i ). Now that we have established the Grassmannian integration, we shall prove that for odd N ≥ 1, there is always a gapless branch of excitations, i.e. one of the eigenvalues of G −1 is simply iω − ξ k . To show that, we recall Jacobi's theorem [19] that if M is a skew symmetric matrix of order 2n + 1 then the determinant of M vanishes. Since D † is such a matrix, one can conclude that there exists a vectorṽ for which D †ṽ = 0, therefore,
Consequently ṽ 0 and 0 v * are twin eigenvectors of G −1 with eigenvalues iω − ξ k and iω + ξ k , respectively. These eigenvectors and eigenvalues correspond to a gapless Fermi liquid excitation spectrum, thus proving our claim.
As an example, we explicitly consider the SU (3) and SU (5) cases.
In the case of three Fermion species, the gapless branch of excitations, ξ k , has the corresponding eigenvector 
The mean field values of ∆ αβ can be found from the saddle point approximation ∂S/∂∆ αβ = 0 yielding three identical gap equations,
Note that the same gap equation is valid for the SU (2) case, resulting in the same magnitude of the (total) pairing gap and the same critical temperature. The density equation for the α Fermion species is,
If the system is balanced, i.e. contains the same number of particles for each kind, we get |∆ 12 | = |∆ 23 | = |∆ 13 | and f α = 1/3. That is to say that one third of the system remains gapless while the residual two thirds are superfluid. Note that since the different ∆ αβ 's are equal, none of the species is unpaired, but instead there is a collective gapless excitation.
In the case of five Fermion species, the gapless branch of excitations has the corresponding eigenvector ṽ 0 ,
and D †ṽ = 0. The spectra of the four gapped branches
Note that the cases where |∆| 4 = 4|η| 2 and |η| 2 = 0 will be of specific interest, as the former has two doubly degenerated gapped branches and the latter has three gapless branches and two gapped branches.
To conclude, we have studied a system of N -Fermion species with an attractive, on-site, SU (N ) symmetric interaction. We have proved that for odd N , the ground state of the system is a gapless superfluid. Doing so, we have used a generalized Grassmannian Gaussian integration. The key point in our proof is the fact that the determinant of the skew-symmetric pairing matrix vanishes if its dimension is odd. As a result a gapless free Fermi mode appears. The cases N = 3 and N = 5 were solved analytically at the mean field level to demonstrate our general claim. We hope that future cold atoms experiments would confirm our predictions. 
